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Let L N denote the class of functions defined by
kN k .f g L m y1 f t G 0, ; t ) 0, ;k , 0 F k F N. .  .
For N ª ` we write f g L . Functions in L are called completely monotonic on
 .0, ` . We derive several inequalities involving completely monotonic functions. In
particular, we prove that the implication
f g L « ;a ) 1: f a g L N ,w x
is true for 0 F N F 7, but false for N G 13. Q 1997 Academic Press
1. INTRODUCTION
In this paper we shall study inequalities for real, finite-valued functions
 . Nthat are defined and monotonic on 0, ` . Let L denote the class of
functions defined by
kN k .f g L m 0 F y1 f t - `, ; t ) 0, ;k s 0, 1, . . . , N. 1.1 .  .  .
For N ª ` we write f g L . Functions in L are called completely mono-
 . w xtonic on 0, ` . The famous Bernstein]Widder theorem 1 states
f g L m f t s eyl t dx l , t ) 0, 1.2 .  .  .H
w .0, `
 .where the integral is convergent ; t ) 0 and where x l is non-decreasing
w .on 0, ` .
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The main purpose of this paper is to prove that the implication
a Nf g L « ;a ) 1: f g L 1.3 .
 . w xis true for N s 7, but false for N G 13 Theorem 3 . In 2 we proved this
implication to be true for N F 6, but false for N G 20. In order to prove
Theorem 3, we shall derive several auxiliary inequalities involving com-
pletely monotonic functions, which are interesting in themselves.
In Section 2 we introduce some notations and show how these are used
for deriving inequalities for completely monotonic functions. In Section 3
we derive more such inequalities. The main theorem will be proved in
Section 4. Throughout this paper we assume that f g L .
2. THE NOTATIONS s , l , % AND SOMEÇ
ABBREVIATIONS
Let us introduce the symbol s with the meaningÇ
A l, m , . . . s B l, m , . . . 2.1 .  .  .Ç
 .`` A is equivalent to B'' , means that A and B will become equal to each
other after complete symmetrization in their variables l, m, . . . . This
implies that A and B will give the same contribution when integrated over
l, m, . . . , with any completely symmetric integrand. A function is com-
pletely symmetric in certain variables if it is invariant under any permuta-
.tion of these variables. Since s is reflexive, symmetric, and transitive, itÇ
is an equivalence relation.
The symbol s is convenient for deriving inequalities involving com-Ç
pletely monotonic functions. Let us consider some examples to clarify the
12 2 2 .rules. We have l y lm s m y ml s l y m . Further, l s n , lm sÇ Ç Ç Ç2
 .2  .2ln , and l y m s l y n . In the latter two cases there are only twoÇ
essentially different variables. In general it is convenient to restrict the
number of different variables employed to its essential minimum. The
equivalence
4 4 3 2 2l y m s 2 l y 4l m q 3l m 2.2 .  . .Ç
is easily verified by writing out the left-hand side. It is interesting to note
that
2 2 4 3 2 2l y m l y n s l y 4l m q 3l m . 2.3 .  .  .Ç
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Here the number of different variables turns out to be only two. One
would expect three variables, but the terms with three variables cancel:
4l2mn y 2lm2n y 2lmn 2 s 0. So we findÇ
4 2 21 l y m s l y m l y n , 2.4 .  .  .  .Ç2
1where the factor is noteworthy. Further we have2
2 4 3 2 2 2l y m l y n l y j s l y 4l m q l m q 4l mn y 2lmnj , 2.5 .  .  .  .Ç
showing four different variables. In these relations, at least two factors
contain a common variable, l, which gives rise to an ``interaction'' when
written out. On the other hand, in
2 2 2 2l y m n y j s 4 l y lm n y nj , 2.6 .  .  . .  .Ç
the four variables remain pairwise separated.
 .With an eye to the basic integral representation in 1.2 for a completely
monotonic function, we introduce the symbol l with the following
 .meaning. Given a certain completely monotonic function f t and the
 .associated non-decreasing function x l , we shall write
A l, m , . . . l F f , or F f l A l, m , . . . 2.7 .  .  .  .  .
 .`` A and F are equal to each other, barring integration'' , to mean that
` `
yt lqmq ??? .F f s . . . A l, m , . . . e dx l dx m . . . , 2.8 .  .  .  .  .H H
0 0
where the integration is over all the indicated variables l, m, . . . of the
function A. Then l is symmetric by definition. We have, for example,
nn n.l l y1 f t , n g N, 2.9 .  .  .
22l y lm l f t f 0 t y f 9 t . 2.10 .  .  .  .
The t-dependence will be suppressed in the following. With the above
notations explained, we are now in a position to list a few obvious
inequalities:
2 21P [ f 0 f y f 9 G 0, P l l y m , 2.11 .  .  .2
2 213.Q [ f f 9 y f 0 G 0, Q l lm l y m , 2.12 .  .  .2
33. 2 2 2H [ yf f q 2 f 0 f 9 f y f 9 G 0, yf 9H s f Q q P , 2.13 .  .
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2 414. 3.G [ f f y 4 f f 9 q 3 f 0 G 0, G l l y m , 2.14 .  .  .2
2 616. 5. 4. 3.C [ f f y 6 f f 9 q 15 f f 0 y 10 f G 0, C l l y m . .2
2.15 .
We shall also need a few inequalities which are less obvious. Before
deriving these, we make the understanding that the function f itself will be
suppressed whenever convenient; this comes down to setting f s 1. In this
connection we note the following. A completely monotonic function f can
  .  .have a zero only if it vanishes identically. See relation 1.2 : x l has to
.  .be constant in this case. As the case f t ' 0 is clearly not interesting, we
 .  .  .  .may assume that f t ) 0, ; t ) 0. So we may define f t [ f t rf t for1 1
any arbitrary t ) 0. Therefore it is allowable to set f s 1 without real loss1
of generality.
 .2 3.Now we have, for example, P s f 0 y f 9 and H s yf q 2 f 0 f 9 y
 .3f 9 . In view of the homogeneity of the expressions involved here, the
original expression is easily reconstructed from the ``reduced'' one: In any
expression, each term should contain the same number of factors of the
type f  i., i G 0, from which the suppressed factors f follow immediately.
 .This number will be called the dimension of the expression F f . More-
 .over, the expressions F f discussed here possess the property that S i is
the same number for each term; this number will be called the total degree
 .  .  .of F f . The dimension of F f is equal to the essential minimum of the
number of different variables in the associated polynomial in l, m, n , . . . .
 .The total degree of F f is equal to the total degree of this polynomial. In
fact, each term of this polynomial has the same total degree. Naturally, we
shall compare only two expressions with each other that have the same
total degree; their dimensions can be easily adapted.
Let L be defined by4
22 2
L [ l y m y n y j . 2.16 .  .  .4
Hence we obtain
1Y G 0, Y l L , 2.17 .4 4 44
Y G 0, Y l lL , 2.18 .5 5 4
where Y and Y are defined by4 5
2 2 44. 3. w xY [ f y 4 f f 9 q f 0 q 4 f 0 f 9 y 2 f 9 , 2.19 .  .  .4
and
2 2 35. 4. 3. 3.Y [ yf q f f 9 q 2 f f 0 q 4 f f 9 y 10 f 0 f 9 q 4 f 0 f 9 . .  .  .5
2.20 .
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It is interesting to observe that
21 2 2 2Y l l y m y 2 l y lm n y nj l G y 2 P . 2.21 .  . .  .4 2
Indeed, we have G s Y q 2 P 2. So the inequality Y G 0 is stronger than4 4
  ..G G 0 see Eq. 2.14 .
The proof of the above inequalities is easy. In Theorem 1 we shall derive
some inequalities of a slightly different nature. To this end, we shall need
Theorem A and the notation %:
w x  .  .DEFINITION 1 3, P. 45 . Let x s x , . . . , x and y s y , . . . , y be1 r 1 r
two vectors satisfying
r r
x , y G 0, ; i , and x s y . 2.22 . i i i i
is1 is1
Let xX , . . . , xX and yX , . . . , yX be rearrangements of x , . . . , x and y , . . . , y ,1 r 1 r 1 r 1 r
respectively, satisfying
xX G xX and yX G yX , ; i , 1 F i F r y 1. 2.23 .i iq1 i iq1
Then we say that x majorizes y, and y is majorized by x, written x % y or
y $ x, if and only if
k k
X Xx G y , ;k , 1 F k F r y 1. 2.24 . i i
is1 is1
 .  .  .  .For example, n q 2, n % n q 1, n q 1 and 6, 6, 2, 1 % 5, 4, 4, 2 .
w x  .Remark. In a similar definition in 4, p. 252 , the conditions 2.23 are
 .  .missing, which would yield, e.g., the obvious contradiction: 2, 2 % 1, 3 ,
 .  .2, 2 $ 3, 1 .
 w x.  .THEOREM A CF. 4, THEOREM 1 . If f is completely monotonic on 0, `
and if a % b , then
a . a .  b .  b .1 r 1 rf t . . . f t G f t . . . f t , ; t ) 0. 2.25 .  .  .  .  .
 . yc tThere is equality only when a and b are identical or when f t s e , c G 0.
 .Proof. By inserting the integral representation in 1.2 we get two r-fold
integrals, the integrands containing the factors la1 . . . la r and l b1 . . . l b r,1 r 1 r
respectively. Let
1
a a1 rS a [ ! l . . . l , 2.26 .  .r 1 rr !
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where ! denotes the sum of the r! terms obtained from la1 . . . la r by the1 r
 .possible permutations of the l . That is, S a is completely symmetric ini r
 .  . a1 a r w xl , . . . , l and S a s l . . . l . Now Muirhead's theorem 3, p. 45Ç1 r r 1 r
 .  .states: ``If a % b then S a G S b and there is equality only when ar r
and b are identical or when all the l are equal.'' Hence the proof follows.i
In particular, if a / b , then
` `
ytl i. . . S a y S b e dx l . . . dx l ) 0, 2.27 .  .  .  .  .H H r r 1 r
0 0
unless the measure x is concentrated in one point.
3. MORE INEQUALITIES FOR COMPLETELY
MONOTONIC FUNCTIONS
 .THEOREM 1. Let f be completely monotonic on 0, ` , let n, m g N, and
2n nq2 m. 2 nqm. m. n. 2 m. n. m.G [ y1 f f y f f f y f f f q f f , 4 .n , m
3.1 .
2n nq2 m. 2 nqm. m. n. m.H [ y1 f f y 2 f f f q f f . 3.2 4 .  .n , m
Then G G 0, H G 0, andn, m n, m
F
H G , if m b n. 3.3 .n , m n , mG
 .Proof. We have see Definition 1
n , 2m % n q m , m , if m G n , .  .
and
n , 2m $ n q m , m , if m F n. .  .
Hence, by Theorem A,
Gn nn. 2 m. nqm. m.y1 f f y1 f f , if m c n , 3.4 .  .  .
F
 .which proves 3.3 . In order to prove that G G 0 and H G 0, wen, m n, m
 .insert the integral representation in 1.2 , which yields three-fold integrals
 . n  . mover l, m, and n . Now we choose in Theorem 2, f l s l and g l s l .
 .  .In view of Remark 4, Eqs. 3.15 and 3.16 , we then get
U s ln l2 m y lmmm y m2 m q mmn m , 3.5 . .Ç
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which corresponds precisely to the integrand associated with G .n, m
 . m  . nSimilarly, with f l s l , g l s l , we get
F s ln l2 m y 2lmmm q mmn m , 3.6 . .Ç1
which corresponds to the integrand associated with H . This completesn, m
the proof of Theorem 1.
Remark 1. In particular, we have G s H , G s G s H s 0,n, n n, n n, 0 0, m n, 0
2 m. w m.x2whereas H s f f y f G 0. Further, suppressing f for the mo-0, m
ment, we get
3 23. 4. 3.H s yf q 2 f 0 f 9 y f 9 , H s f y 2 f f 9 q f 0 f 9 , .  .1, 1 2, 1
2 35. 4. 3. 6. 4.H s yf q 2 f f 9 y f f 9 , H s f y 2 f f 0 q f 0 , .  .3, 1 2, 2
25. 4. 3.G s yf q f f 9 q f f 0 y f 0 f 9. .1, 2
Remark 2. Let us define I in analogy with G and H byn, m n, m n, m
2n nq2 m. 2 n. 2 m. n. m.I [ y1 f f y 2 f f f q f f . 3.7 4 .  .n , m
 .Then I G G G 0, if n G m, according to 3.4 . However, I is notn, m n, m n, m
 .definite if n - m see below . In connection with the inequality
24. 2 3.H [ f f y 2 f f 9 f q f 0 f 9 G 0, .2, 1
we note that the quantities X and X ,0 1
44. 3 3. 2X [ f f y 2 f f 9 f q f 9 , .0
35. 3 4. 2X [ yf f q 2 f f 9 f y f 0 f 9 , 3.8 .  .1
  . 2 .are not definite. Further cf. relation 2.21 , G s Y q 2 P ,4
22H s Y q 2Q q P y P f 9 , 3.9 .  .2, 1 4
 .  .  .where P, Q, and Y have been defined in Eqs. 2.11 , 2.12 , and 2.17 .4
2  .2  .Since 2Q q P y P f 9 is not definite see below , the non-negative
quantities H and Y are not comparable. Elsewhere we shall prove that2, 1 4
H y P 2 s D is non-negative; this quantity is not comparable with Y .2, 1 4 4
 . ya t ytRemark 3. Let f t [ e q be , a G 0, b G 0. Taking tx0, we get
G s b 1 q bam 1 y an 1 y am G 0, 3.10 .  .  .  .n , m
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2n mH s b 1 q ba 1 y a G 0, 3.11 .  .  .n , m
I y G s G y Hn , m n , m n , m n , m
s b 1 q b 1 y am am y an G 0, if n G m , .  .  .
m m n m n nqmI s b 1 y a 1 q a y 2 a q b 2 a y a y a , .  .n , m
3.12 .
2mI s 0, ;n , I s yb 1 q b 1 y a F 0, ;m. .  .n , 0 0, m
2 m n.For 1 F n - m and large a, the dominant part of I is yba 1 y ba .n, m
Therefore I is not definite if 1 F n - m. Further,n, m
2 22 2 22Qf y P f 9 s b a y 1 b 2 a y 1 q 2 ab q 2 a y a , .  .  .
whereas for a s 0,
22 2 2 22Qf q P y P f 9 s b 1 y b , and X s X s b 1 q b y b . .  .  .0 1
Hence, none of these quantities is definite.
THEOREM 2. Let the functions f and g be defined and non-negati¨ e on a
certain inter¨ al I, and assume that f and g are monotonic in the same sense on
 .  .I either both non-decreasing or both non-increasing . Let us write f [ f xx
 .and g [ g x for notational con¨enience, and let F and U be defined byx
F [ f 2 y f f g q g y g , U [ f g y g g q g y g . .  .  . .x x y x y z x x y x y z
3.13 .
Let F and U be the analogs of F and U that are completely symmetric ins s
 .x, y, z . Then F G 0 and U G 0, ; x, y, z g I.s s
Proof. Symmetrization in x and y yields
2
2 F s f y f g q g y g , 2U s f y f g y g g q g y g . .  .  .Ç Ç .  .x y x y z x y x y x y z
 .Hence we get, after symmetrization in x, y, z ,
2 2
6F s f y f g q g y g q f y f g q g y g .  . .  .s x y x y z y z z y x
2q f y f g q g y g . .  .x z x z y
 .  .Inserting here f y f s f y f q f y f , we obtainx z x y y z
2 2
3F s g f y f q g f y f q g q g y g f y f f y f . . .  .  .  .s x x y z y z x z y x y y z
3.14 .
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 .Since F is symmetric in x, y, z , we may assume that either x G y G z ors
x F y F z, so that f G f G f G 0 and g G g G g G 0. Then clearlyx y z x y z
w xF G 0. The proof of U G 0 is similar 5 .s s
Remark 4. Let
F [ g f 2 y 2 f f q f f . 3.15 . .1 x x x y y z
 .After symmetrization in x, y, z we obtain
2
6F s g q g f y f y g f f y f y g f f y f .  .Ç  .  .1 x y x y x y y z y x x z
2q g q g f y f y g f f y f y g f f y f .  . .  .z y z y z y y x y z z x
2q g q g f y f y g f f y f y g f f y f , .  .  .  .x z x z x z z y z x x y
which we recast into a more compact form by combining the six terms of
 .the type yg f f y f :i j j k
2 2
6F s g q g y g f y f q g q g y g f y f .  .Ç  .  .1 x y z x y z y x z y
2q g q g y g f y f . .  .x z y x z
This proves that F s F. In the same way we prove thatÇ1
U s f g 2 y g g y g 2 q g g . 3.16 .Ç  .x x x y y y z
  ..On the other hand, the quantity I cf. I , Eq. 3.71 n, m
I [ f g 2 y 2 g 2 q g g , .1 x x y y z
 .does not lead to a non-negative expression by symmetrization in x, y, z .
Writing out this expression, and putting, in particular, f s f , g s g ,y x y x
and g s 0, we find that 6 I sª y2 f g 2 F 0.Çz 1 z x
4. THE CASES N s 7 AND N s 13
wIn this section we shall prove that the implication f g L « ;a ) 1:
a N xf g L , is true for N s 7, but false for N s 13. For convenience we set
 .  .y1 bq1.n. w  .xa s b q 1 and D yb y 1 [ b q 1 f , as in 2, Eq. 4.12 .n
Recall that the function f itself is suppressed i.e., we set f s 1, see Sect.
.2 . For n s 7 we get
yD yb y 1 s yf 7. q bB q b 2B q b 3B b , 4.1 .  .  .7 0 1 2
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where B and B are independent of b. We obtain in a straightforward0 1
way the expressions
1 6. 5. 4. 3.B s yf f 9 y 3 f f 0 y 5 f f07
22 25. 4. 3. 3.q 3 f f 9 q 15 f f 0 f 9 q 10 f f 9 q 15 f f 0 .  .
3 2 34. 3.y 10 f f 9 y 60 f f 0 f 9 y 30 f 0 f 9 .  .  .
4 2 3 5 713.q 30 f f 9 q 90 f 0 f 9 y 72 f 0 f 9 q 17 f 9 , 4.2 .  .  .  .  .  .7
22 21 5. 4. 3. 3.B s y3 f f 9 y 15 f f 0 f 9 y 10 f f 9 y 15 f f 0 .  .17
3 2 34. 3.q 15 f f 9 q 90 f f 0 f 9 q 45 f 0 f 9 .  .  .
4 2 3 5 713.y 55 f f 9 y 165 f 0 f 9 q 150 f 0 f 9 y 39 f 9 , 4.3 .  .  .  .  .  .7
and
3 2 31 4. 3.B b s y5 f f 9 y 30 f f 0 f 9 y 15 f 0 f 9 .  .  .  .27
4 2 33.q 6 y b 5 f f 9 q 15 f 0 f 9 .  .  .  .
52y 3 35 y 10b q b f 0 f 9 . .
71 2 3q 225 y 85b q 15b y b f 9 . 4.4 .  . .7
 .Below we shall prove that B G 0 and B b G 0, ;b G 0, but we have1 2
not been able to prove that B G 0. In this connection we point out that in0
 . ytthe special case when f t s e , we get for t ª 0
B ª 6, B ª 15, B ª 20 q 15b q 6b 2 q b 3 , 4.5 .0 1 2
indicating that the inequality B G 0, if valid, might be sharp. The main0
problem here is to find a suitable expression for B , such that the0
 .inequality D yb y 1 F 0, ;b ) 0, can be proved. It is not easy to find7
 .  .  .the appropriate expressions in 4.7 ] 4.9 for B , B , and B b . On the0 1 2
other hand, the ¨erification of these equations is straightforward.
THEOREM 3. The implication
 .NN bq1f g L « ;b ) 0: y1 f G 0 , 4.6 .  . .
is true for N s 7, but false for N s 13.
 .Proof. Putting N s 7, we have to prove that D yb y 1 F 0, ;b ) 0,7
 .see Eq. 4.1 . To this end, we rewrite the aforementioned expressions for
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 .B , B , and B b by using the non-negative quantities P, Q, . . . , defined0 1 2
 .2before. Defining, moreover, p [ f 9 , we obtain
1 w x w xB s H 6Y q 14Q q 4Pp q P 3Y y 16Qf 90 1, 1 4 57
3 26. 4. 3. 4. 3.y f f 9 q f f y f f 9 q f f 0 .  .
2 783.y 2 f f 0 f 9 q f 9 , 4.7 .  .  .7
1 5. 2 w xy f 9B s 3 f f 9p q 15PpH q 10Q q QP 35P q 10 p1 2, 17
62 2 2 4q 5P 5P y Pp q 2 p y p , 4.8 .7
and
1 4. 2 3 2 2w xy f 9B b s 5 f p q 5Qp 6P q b p q 45P p q 5 3 q 4b P p .  .27
13 2 3 4q b 10 q 3b Pp q y15 q 15b q 6b q b p . .  .7
4.9 .
By using Theorem A one easily verifies that
56. 4. 3. 5. 4. 3.yf f 9 q f f G 0, yf G yf f 9 G yf f 0 G y f 9 , 4.10 .  .
so that
23. 5. 4.B G 7f f 0 , B G y15 f p , B b G y20 f f 9p G 0. .  .0 1 2
4.11 .
Hence
2 27. 3. 2 5.yD yb y 1 G yf q 7b f f 0 y 15b f f 9 , ;b G 0. .  .  .7
4.12 .
The discriminant of this quadratic form in b is non-positive because
7. 5. .2 w 3.x2 .4  .f f f 9 G f f 0 . Therefore, yD yb y 1 G 0, ;b G 0, which7
completes the proof for the case N s 7.
In order to prove that the implication of the theorem is false for N s 13
 . ytwe give the following counterexample. Let f t [ 1 q b e and set t s 0
after the differentiations. By computer calculations we find that
 .  .D yb y 1 ) 0 inside an oval-shaped contour in the b , b -plane,13
roughly inside the rectangle 0.03 - b - 0.30, 0.038 - b - 0.095,
with its ``center'' at b s 0.16, b s 0.066. This completes the proof of
Theorem 3.
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